A Fuchs-Type Theorem for Partial Differential Equations  by Mapel-Hemmati, Jill E.
Journal of Mathematical Analysis and Applications 239, 30-37 (1999) 
Article ID jrnaa. 1999.6529, available online at  http://www.idealibrary.coni on I DE bl" 
A Fuchs-Type Theorem for Partial 
Differential Equations 
Jill E. Mapel-Hemmati 
Department of Mathematics, Arkansas Tech lJniL,ersity, RussellL,ille, Arkansas 72SOl 
E-mail: jill.hemmati@mail.atu.edu 
Submitted by Arner Friedman 
Received November 4, 1997 
1. INTRODUCTION 
A well-known theorem of Fuchs establishes the existence of solutions to 
"regular singular" ordinary differential equations which have at worst 
logarithmic singularities or poles (see [5]). Under certain conditions on the 
roots of the so-called indicia1 equation these solutions may be analytic, for 
example, the Bessel equation which has entire solutions (Bessel functions 
of the first kind). Baouendi and Goulaouic pioneered a theorem of this 
type for partial differential equations in [l]. Also, see subsequent work of 
Martinolli and Ricci [lo], and that of Igari [4]. 
The theorem in this paper, although obtained independently, contains 
virtually the same results. Our method, however, has perhaps two impor- 
tant differences. First, using a lemma of Hormander and adapting his 
proof of the Cauchy-Kovalevskaya theorem to the characteristic case 
makes our proof more straightforward and elementary than those in [ l ]  
and [41. Also, using the globalizing family method (cf. 16-91), for particular 
operators we have extended the solution to a sufficiently large domain, in 
contrast to the local solution in [l]. 
We are considering partial differential operators of the form 
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where we are using the standard multi-index notation for x = 
( X I '  x2,. . . , XJ E CN, (x, y )  E C N + l ,  
N 
a = ( a l , a  2 ,  . . . ,  a , ) € " ,  IaI= C a , ,  
L =  1 
dl"l d' 
0," = , D J = -  
dx,.1 dx,.i ... ax> dy" 
and bk ,  a m  are holomorphic in u,+, := { x  E CN+' : lxJl I 1, j = 
1 , 2  , . . . ,  N +  l}. 
We give a sufficient condition, which is an extension of the conditions 
on the roots of the indicia1 equation in the ordinary differential equation 
case, under which the characteristic Cauchy problem 
9 u = f  
( 1 )  D,'u(x,O) = L;,  0 ~j 4 m  - 1, 
has an analytic solution, where f is analytic in ON+ and the vJ are analytic 
in u, for 0 ~j I m - 1 and satisfy the compatibility conditions imposed 
by the equation. The operator 9 has a Fuchsian part which appears in the 
classical theorem for ordinary differential equations, but the mixed deriva- 
tive terms also have a factor of y k .  This factor can be changed slightly (see 
the remark following the proof of the theorem). However, we cannot omit 
it entirely or else the existence or uniqueness of the solution may fail. In 
our proof of this theorem, which uses a power series method, we require 
this factor to obtain the recurrence relation for the coefficients of u.  
2.  THEOREM 
THEOREM. The characteristic Cauchy problem (1) has an analytic solution 
in a neighborhood of the origin, provided 
P ( x , m , n )  : = n ( n  - l ) - - . ( n  - m  + 1) 
+ n ( n  - 1 )  ...( n - m + 2 ) b r n p 1 ( x , 0 )  
+ ... +nb ' (x ,O)  + bo(x ,O)  # 0 
for all n 2 m and x E u, , and that the ui satisfy the compatibility conditions 
determined by the equation; for p = 0, . . . , m - 1, 
k=O s = k  
32 JILL E. MAPEL-HEMMATI 
where the coefficients of 9 are expanded as 
03 3c 
a " , J ( x , y )  = c a , " , J ( x ) y " ,  b k ( x , y )  = c bf(x)y" ,  
n=O n=O 
co 
f ( X , Y )  = c f " ( X ) Y " ,  
n=O 
and we are seeking our solution in the form 
r 
u ( x , Y )  = c U , f ( x ) Y ' f 9  
n=O 
so u J ( x )  = u ( x ) / j ! ,  for 0 ~j I m - 1. 
Pro08 
C u,n(n - 1) ..* ( n  - m + 1)y" 
Putting the power series expansions into the equation we have 
r 
n = m  
+ k = l  ? { Ia l+ j=kn=k c c (nckuz'Jk-YDFuY+J(s s = O  + j )  
co 
x ( s  + j  - 1 )  * * *  ( s  + 1) 
Therefore, we have the recurrence relation for the coefficients 
1 i m - 1  n - 1  
m n - k  \ 
J + c c c {U~'Jk-,D;u,+J(s + j ) ( s  + j  - 1 )  * * * ( s  + 1 ) )  - f a  k = l  la l+j=k 5-0 
(2) 
for all n 2 m .  
It suffices to show 
for n E N, where C is a constant to be specified later. 
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r n  
converges in the neighborhood lnil < 1 - 1/K, lyl < l/CKN for all K E 
N. 
Since each uj is holomorphic in 0, for 0 I j I rn - 1, and they satisfy 
the compatibility conditions, there exists a constant C such that 
To show (3) for n 2 m, we need the following (see [3, Chap. 9, Sect. 41) 
lemma. 
LEMMA. If f (z )  is analytic in D = {z E C : IzI < 1) and 
then 
From the condition on P ( x ,  m, n )  there exists a constant d > 0 such 
that 
Thus, by (2) and (5) we have 
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Assume (3) holds for all n < m. Then the lemma gives us 
x ( l  - lxll)al(l - lx21)a2 * * *  (1 - IxNl)a-~" 
where K(s ,  j ,  a )  = (s + j + a N )  1 . .  (s + j + 1) ... (s + j + a l )  1 . 1  (s + j + 
l)(s + j ) ( s  + j - 1) 1 . 1  (s + 1). 
Therefore, 
C" 
where B k ,  A",i, and F satisfy Ibil I B k ,  l a ~ ~ j l  IA",i, and 
each n E N. 
Choosing C so that, in addition to (41, 
f n l  4 F for 
m \ 
completes the proof. 
Remark. We chose yka"~jD,"Dj, where k = la1 + j for the mixed 
derivative terms in our differential operator. In our proof, as in [l], there is 
some flexibility on the exponent of y. Namely, if the operator is of the 
form 
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we may choose Q = max(0, s + j - m + 1). We can then use the same 
method to solve the Cauchy problem (1) for this operator, provided 
P ( x , m , n )  : = n ( n  - l ) . . . ( n  - m  + 1) 
+n(n  - 1 ) - - - ( n  - m  - 2 ) b , " - ' ( x )  
+ * * *  +nb,"-"+(x) + b,"-"x) # 0, 
and the uI satisfy the corresponding compatibility condition determined by 
Z u ( x ,  0) = f ( x ,  01, as in the following example. 
3. GLOBALIZING FAMILY METHOD (AN EXAMPLE) 
The globalizing family method allow sus to extend our solution for 
certain operators to a domain whose size depends on the principal symbol. 
For further discussion of these notions see [6-91. We will now consider, as 
an example, the Cauchy problem for (x, y )  E C2, 
9 u  : = y A u  + u ( x , ~ ) u ,  + b ' ( x , y ) u ,  + b 0 ( n , y ) u  = 0, 
u(x,O) = u o ( x ) ,  u,(x,O) = U , ( X ) ,  (6) 
where P ( x ,  2, n )  = n(n - 1) + nbb(x) # 0, n 2 2, and u 0 ,  u ,  satisfy 
Let Dl := {x E C :  1x1 < 1) and let b be the Lie ball b := {(x,y) E 
C2 : Ix k i y  < l}. Let V, c V, be bounded open sets in C'. A globalizing 
family with respect to V,, V,, and 9 is a family {O,},,,,,,, of smoothly 
bounded open subsets of V, such that: 
(i) O,, c for t ,  < t,; 
(ii) 36 > 0 such that 0, c V, as t < 6;  
(iii) OLu = U , a, and nLu = n , > a,; 
(iv) for all t E [0, 11 and each zo E dCL, \ V,, dCL, is non-character- 
(v) V, = (U , a,> u v,. 
aocb(x) + b&1,(x) + b,Ouo(x) = 0. 
istic (with respect to 9) at zo;  
Zerner's theorem and the theorem of Bony-Schapira imply (cf. [8, Chap. 
8; 91) the globalizing principle, namely, that if u extends holomorphically 
to a convex open set V, in C2, where it satisfies 9 u  = f ,  where f is 
holomorphic in a convex domain V, , then there is a globalizing family {O,} 
filling out V, that allows us to extend u to all of V,, provided any real 
hyper-plane {(x, y )  E C' : Re(x k i y )  = t }  that is characteristic with re- 
spect to 9 that intersects V, also intersects v,. We shall apply this to the 
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case where V, is a convex neighborhood of D, and V2 is b. Note that the 
only characteristic points on the boundaries of the R, with respect to the 
operator in (6) are the points in dR, n {y = 0). Thus, by our theorem, the 
solution of (6) extends holomorphically into a neighborhood of D, in C2, 
and the globalizing principle allows us to extend the solution automatically 
to all of b. 
4. CONCLUDING REMARKS 
(1) The following example shows that without some condition on 
P ( x ,  m,  n )  we cannot guarantee an analytic solution. For the characteristic 
Cauchy problem 
Y A U  - uL. = 0, u0 =f, u1 = 0, 
where P ( x ,  2, n )  = n(n - 1) - n,  then P ( x ,  2,2) = 0 and if f” # 0, we 
cannot find a holomorphic solution in any neighborhood of {y = 0). 
(2) Our interest in this problem stems from a conjecture in [2] on 
the existence of holomorphic solutions to equations of the type in our 
example with the Laplacian in the principal part. As stated, the conjecture 
is not true unless extra conditions are met. However, the operator 
d 2  d 2  d 
dx dy dX 
M =  2 + 2 + ( a ! + P +  1)- 
a ! - p + ( a ! + P + l ) c o s y  d 
sin y dY 
, a ! >  -1,  -+ 
needed for the proof of Szego’s theorem in that paper satisfies our 
condition since 
P ( x , 2 , n )  = n ( n -  1) f n ( 2 a - t  1) = n ( n + 2 a ! )  > O f o r n 2 2 .  
(3) In [ll the uniqueness of the solution is also demonstrated. 
Uniqueness of analytic solutions follows immediately from our proof since 
we have an explicit recurrence relationship for the coefficients. 
(4) The proof of the theorem mimics that of the Cauchy-Kova- 
levskaya theorem, adapted to having a characteristic problem. Ideally, we 
would like a proof of this theorem that does not resort to power series 
expansions. It seems the way to achieve this is to return to the ordinary 
differential equation situation and find a “high-ground” proof of Fuchs’ 
theorem. 
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